In this paper we define a class of distributive σ-lattices called d 3 -lattices which allow do define observables and states in a natural way and to develop the theory of probability and statistics like in Boolean σ-algebras. We show that this is enabled by the properties of Boolean projections of d 3 -lattices. If Β is a Boolean projection of a d 3 -lattice L then there is a mapping h : L -• Β such that for each state s and for each observable χ on L there is a state (=probability measure) t and an observable y on Β such that the following diagram commutes (R is the real line and B(R) is the Borei σ-algebra):
Introduction
Here we summarize some notions and facts from the theory of distributive lattices. The reader is referred to [1] for more information. A de Morgan algebra is called a Kleene algebra if it satisfies the Kleene condition:
Remark 1.2. For the applications in this paper, we do not need to assume the boundedness of L. However, this difference is not important --if L is not bounded, it still may be naturally embedded into a bounded lattice with the same algebraic properties. THEOREM 1.3 [1] . There are only 3 
Boolean projections
In this section we construct the Boolean projection Β of a Kleene algebra L. It is the largest homomorphic image of L which is a Boolean algebra (=the reflexion of L in the category of Boolean algebras).
We need some easy facts about Kleene algebras. 
Dually, W\(L) is a lattice filter closed with respect to all existing meets.
Proof. The statement 1 is trivial. As for 2, the Kleene condition implies a,-< a'j for all i,j G N. The element a = \/ ieN α» satisfies a < a'· (j G Ν). We obtain a < f\j eN a'j = a'.
•
We define the symmetric difference of a,b G L as a Ab = (aVò)A(a'V6'). Notice that aAb = (a A b') V (a' A b) V (α Λ a') V (6 Λ ò'), which may differ from (α Λ 6') V (a' A 6).
Proof.
We define a relation ~ on a Kleene algebra L as follows: However, a ~ 6, because 
Introducing countable operations
In order to obtain a reasonable structure for the description of probabilities in a physical system, we have to introduce also countable lattice operations, i. e. we have to work with σ-complete lattices. The basic structure of our approach is the following. Let us demonstrate the notion of d 3 -lattice on several examples. EXAMPLE 3.2. Let X be a non-empty set. A fuzzy quantum space [8] (or soft fuzzy σ-algebra [15] ) on X is a set F C [0,1]* satisfying the following conditions:
1. the constant zero function belongs to F,
pointwise supremum of functions), 4. the constant function 1/2 does not belong to F.
We call X the domain of F. Obviously, each fuzzy quantum space is a d 3 -lattice. An f e F belongs to W 0 (F) (resp. J^i(F)) iff /< 1/2 (resp. / > 1/2). Condition 4 ensures that W 0 (F) Π W^F) = 0.
Thus, d
3 -lattices present a common generalization of Boolean σ-algebras and fuzzy quantum spaces. A d 3 -lattice L is a Boolean σ-algebra iff cardWo(^) = 1. A fuzzy quantum space is a Boolean σ-algebra iff it is isomorphic to a σ-field. It is not known which d 3 -lattices are isomorphic to fuzzy quantum spaces. Let F be a fuzzy quantum space and let Β be a Boolean σ-algebra such that neither F nor Β is isomorphic to a σ-field. Then the direct product of F and Β is a d 3 -lattice which is not isomorphic to a fuzzy quantum space or to a Boolean σ-algebra. EXAMPLE 3.4. Let Κ be a bounded σ-distributive σ-lattice. Take a copy K* = {a* :ae K} of K. On V(K) = KUK* we define the complementation and the ordering by the following rules (α, 6 € Κ):
In fact,it suffices to assume (dl) and its dual equality (di'): b\/f\ ieN di = /\içN ^ °») instead of σ-distributivity of Κ in Ex. 3.4. However, finite distributivity and only one of the equalities (di), (di') are not sufficient for this purpose -a counterexample follows: EXAMPLE 3.5. Let No be the set of all nonnegative integers with the ordering m < η iff η divides m. We may include it canonically into a bounded lattice Κ and construct the (distributive) lattice V(/v ) analogously to Ex. 3.4, but it is not a d 3 -lattice, because it violates (d3).
The latter example shows that the axiom (d3) in the definition of a d 3 -lattice is independent. 
Boolean projections of d 3 -lattices

Proof. Evidently, Κ is closed under complementation and under finite lattice operations in L. Let C Κ and a = \/ieN a,·. Using (d3), we obtain a A a' = ( V ai) A a' = \f (a¿ A a') -xzn ieN y (ai A f\ a'j) < y (ai Α α\) = b A 6'. ieN jeN ieN
The reverse inequality is trivial, so aCb and a G Κ.
• THEOREM 4.2. Let L be a d 3 -lattice and let Κ be a d 3 -sublattice of L generated by a countable set Then there is a Boolean sub-a-algebra A of L and a σ-homomorphism : Κ -• A such that ai ~ a7 (i € Ν).
Moreover, if L is a fuzzy quantum space, then A is isomorphic to α σ-field.
Proof. We denote o = \JIEN (a¿ Λ a¿) G Wq(L) and for each b £ Κ we define b = (bAo')Vo. According to Prop. 2.4, b ~ b (b £ K). As a¡Aai = o, all 07 (¿ G Ν) are commensurable. Prop. 4.1 claims that there is a Boolean sub-CT-algebra A of L containing all 07 (i G Ν). According to (d2) and (d3), preserves both complements and countable suprema. •
The consequence of Th. 4.2 is, roughly speaking, the following: Every theorem valid for countably many elements of a Boolean σ-algebra (resp. σ-field) remains valid also in d 3 -lattices (resp. fuzzy quantum spaces). This is a very general tool for the transfer of results of the classical probability theory to fuzzy quantum spaces. Nevertheless, it cannot be generalized to substructures which are not countably generated. Therefore we proceed to Boolean projections which are not σ-fields. Remark 4.5. The Boolean projection constructed here is the maximal Boolean representation in the sense of [12] . Other Boolean representations of [12] , including the minimal Boolean representation, may be constructed similarly to [12] and the results of the following sections remain valid for them, too.
It is natural to ask which Boolean σ-algebras can be Boolean projections of d 3 -lattices. The answer follows.
THEOREM 4.6. Every Boolean σ-algebra is a Boolean projection of a fuzzy quantum space.
States
In this section we prove a correspondence between the states on a d 3 -lattice and on its Boolean projection.
A state on L is a mapping s : L -* [0,1] such that
Particularly, a state on a Boolean σ-algebra is an ordinary probability measure. Notice that Wo(L) belongs to the kernel of each state on L.
We denote by S(L) the set of all states on L. PROPOSITION 
Let a,b G L and let s be a state on L. Then
Proof. (1):
(2): The dual of (1). (3): Trivial. (4): According to (1) and (3),
We obtain (4) as the sum of (3) and the latter equality.
The statement (4) of Prop. 5.1 says that each state is a valuation. This is frequently assumed in fuzzy probability models (cf. [11] ). The latter result together with Th. 4.6 answers the problem of existence of states on fuzzy quantum spaces (see [8, 4] ). COROLLARY 5.4. There is a fuzzy quantum, space admitting no states.
Observables
A suitable generalization of a random variable seems to be an observable on L, i.e. a σ-homomorphism of the Borei σ-algebra B(R) into L. Notice that an observable on L maps B(R) onto a Boolean sub-a-algebra of L. If s is a state and χ is an observable on L, then s ο χ is a measure on B(R) -the distribution of the observable χ in the state 5. We denote by 0(L) the set of all observables on L. In this section we compare the spaces of observables of a d 3 -lattice and its Boolean projection. Proof. Although the proof of [12, th. 3.2] (cf. also [6] ) works without any change also in this more general structure, we present here another proof which, because of the strength of Th. 4.2, is much simpler. Let y be an observable on Β and let Q be the set of all rational numbers. For each q € Q we choose a b q € h~1(y ((-oo,g) 
• a σ-homomorphism h : L B, • a bijection hs : S(L) -• S(B) such that Vs
G S(L) Va G L : s(a) = hs(s)(h(a)), • h 0 : O(L) 0(B) such that Vx € O(L) VT e B
(R) : h(x(T)) = h 0 (x)(T).
For all χ € O(L) and s € S(L) the Borei measures s ox, hs(s) o ho(x) are equal, so the observables χ, ho(x) have the same distribution in the corresponding states s, h$(s), resp.
The latter theorem explains why many Boolean techniques were successfully applied to fuzzy quantum spaces. Many results of the theory of fuzzy quantum spaces can be obtained immediately from the properties of Boolean projections; let us recall at least the Radon-Nikodym theorem [5] , the central limit theorem and the strong law of large numbers [9] and the individual ergodic theorem [10] . These results allow a canonical generalization to d 3 -lattices, too. Boolean projections usually are not σ-fields of sets, which disables the representation of observables by measurable functions. Instead of this, we represent observables as "point free random variables", see [2] . On the other hand, Boolean projections allow to achieve the maximum close correspondence between state spaces and between spaces of observables of a d 3 -lattice and its Boolean projection. Boolean projections of fuzzy quantum spaces and representations using σ-fields aTe compared in more detail in [12] .
Related questions
It remains an open problem to characterize fuzzy quantum spaces among d 3 
-lattices. (The condition WQ(L)C\W\(L)
= 0 is necessary but not sufficient for the existence of an isomorphic fuzzy quantum space.) This question seems to be crucial for understanding fuzzy models of probability. If we succeed in the description of an algebraic structure by a collection of fuzzy subsets of a domain X, we shall obtain an interpretation of the points of X.
It is not clear which is the most general structure that admits a Boolean projection with the properties similar those of Th. 5.3. Are the conditions (K) and (d3) necessary? The Boolean projection of the lattice of Fig. 1.2 is the degenerate Boolean algebra. The lattices of Fig. 2 and Ex. 3.5 have the same Boolean projection, the two-element Boolean algebra. Hence they do not posses answers to the latter questions.
